Abstract. In this paper, we systemally study the long time behavior of the curve shortening flow in a closed or non-compact complete locally Riemannian symmetric manifold. Assume that we have a global flow. Then we can exhibit a a limit for the global behavior of the flow. In particular, we show the following results. 1). Let M be a compact locally symmetric space. If the curve shortening flow exists for infinite time, and
Introduction
In this paper, we systemally study the limiting behavior at infinity of the curve shortening flow in a locally symmetric Riemannian manifold. Curve shortening flows in the plane, surfaces, and the 3-dimensional Euclidean space were studied respectively by M.Gage and R.Hamilton [8] , M.Grayson [10] , and S.Altschuler and M.Grayson [2] . Very recently the curve shortening flow in a closed Riemannian manifold has been used by G.Perelman [15] to study the Ricci-Hamilton flow. All these papers can be considered as models for our study. It is clear that studying the curve shortening flow in a general Riemannian manifolds is not a easy work, but it is still quite interesting.
By definition, our curve shortening flow in the compact or complete Riemannian manifold (M, g) is evolving the initial curve γ 0 along the flow ∂γ ∂t = DT ∂s ,
where T is the unit tangent vector of γ t , DT ∂s is the covariant derivative of T in the direction T in the space (M, g), and s is the arc-length parameter of γ t . It is shown that there always exists a short time flow for the curve shortening problem in any compact Riemannian manifold (see § 2 in [8] ). We remark that the existence of a short time flow for the curve shortening problem in a non-compact complete Riemannian manifold can also be obtained as in [16] .
In this work, we mainly prove the following 2). For γ 0 is a ramp, we have a global flow and the flow converges to a geodesic in C ∞ norm.
Roughly speaking, a ramp is a curve with non-trivial height with respect to a conformal Killing or just Killing vector field. One may see section 6 below for concrete definition. This result is a special case of our Theorem 10 and Theorem 19 below. We also obtain many other results for the curve shortening problem in varied cases, in particular, when M is the space forms. . The results are exhibited in the sequent sections. We remark that in many cases, we do not assume M being compact. We only assume that (M, g) is a complete Riemannian manifold. We give a remark on our assumption of the global flow. In fact, one can easily see from our estimate in section 3 that in a nontrivial path homotopy class, we can always have a global flow. This is also true for ramps. We will study the finite time blow up of the flow in a separate paper.
The paper is organized as follows:
In § 2, we include some fundamental formulae for the flow. In § 3, we deduce some precise estimates for the flow in the locally symmetric Riemannian space which also reprove the standard long time existence result in R 3 .
In § 4, we investigate the limiting behavior of the curve shortening flow with some necessary assumptions on the initial curves.
In § 5, we compute in details the evolutions of the curve shortening flows in space forms H 3 and S 3 respectively.
In § 6, we study the flow for ramps and use them to find closed geodesics.
In § 7, we analyze the curve shortening flow on manifolds with timedependent metrics.
preliminaries
On an n-dimensional Riemannian manifold (M, g), let
be an evolving immersed curve. Denote by γ t the associated trajectory, i.e., γ t (·) =: γ(·, t).
Then the length of γ t is
is the speed. We define the arc-length parameter s by
which implies ds = vdu.
As usual, we denote by T the associated unit tangent vector, i.e.,
Then the time derivative of length is
If γ evolves according to the equation
where 
Noting that < T, T >≡ 1,
This implies
This shows that a curve shortening flow is a mean curvature flow.
Next we will give some fundamental computations. These formulae have already appeared in many papers, for example [10] .
Lemma 4. The evolution of v is
Proof. By definition,
Differentiating it with respect to t, we get
Lemma 5. Covariant differentiation with respect to s and t are related by the equation
where R is the curvature operator on M.
Proof. We have (see [4] )
and
Using Lemma 3, we get
Lemma 6. The covariant differentiation of T with respect to time t is
The proof is a straightforward calculation.
Bernstein type estimates
In this section and the next one, we shall assume that M is a locally symmetric space, i.e., ∇R = 0. For a locally symmetric space, we have
for all X, Y, Z, W ∈ T M. We shall also assume that M satisfies Condition (Λ), i.e., there exists a positive constant Λ, such that
With these assumptions, we can give some precise estimates which will bound the evolution of | D n T ∂s n | 2 . This type of estimate also appears in [2] for the curve shortening flow in R 3 . In that case, these estimates are dilationinvariant, and play an important role in singularity analysis.
First, let us compute the time derivative of | D n T ∂s n | 2 as follows:
Using Lemma 5, we get
It is easy to see that
where the coefficients C ijk are constants. To obtain (3), we have repeatedly used (1) . Noting that M satisfies Condition (Λ), and then putting above equations together, we obtain
where C i are positive constants depending on n and Λ. In the last term, the range of indices satisfies in addition either
Then there exist constantsc l < +∞ independent of t 0 such that for t ∈ (t 0 , t 0 +
Proof. Without loss of generality, we may assume that t 0 = 0, and then translate the estimates.
(
It follows from the maximum principle that M t satisfies
(2) For l = 2, we have
,
and we may conclude on this time interval that
So we may choosec 2 = 16. The induction hypothesis and repeated usage of the Peter-Paul inequality, i.e.,
allow us to find constants a i and A, B on our time interval such that
Thus we obtainc m as before.
Note that these estimates prove the long time existence result. That is, as long as the curvature remains bounded on time interval [0, α), one can define a smooth limit for the tangent vector T at time α. Thus, by integrating the tangent vector T , one can obtain a smooth limit curve.
convergence at inifity
In this section, we want to prove some convergent results which will be applied in § 6. Similar results can be found in [10] where the author dealt with Riemannian surfaces. Those results may be regarded as a generalization of ours at 2-dimensional case.
Let ω be the maximal existence time of the curve shortening flow. Throughout this section, we shall assume that Proof. It is obvious that the time derivative of length, − k 2 ds, must be approaching zero at an ǫ-dense set of sufficiently large times. So what we need to do is to bound its time derivative.
Therefore k 2 ds has at most exponential growth when it is sufficiently small. This implies that it must converge to zero at t → ∞.
Proof. Suppose not. We need only consider those times when | D 2 T ∂s 2 | 2 ds is sufficiently greater than k 2 ds. Look at the time derivative of | D 2 T ∂s 2 | 2 ds. Our rules for differentiating yields:
We will bound the last three terms in this integral by a fraction of the first. Note that ∂ ∂s < DT ∂s , DT ∂s >=< DT ∂s ,
If we assume that
then we get
Assume that
for some small ǫ > 0. We estimate the second term:
So, either | D 2 T ∂s 2 | 2 ds decays exponentially, or it is comparable to | DT ∂s | 2 ds. In either event, it decreases to zero.
The following Sobolev inequality is useful, and will be used repeatedly.
where · 2 is the L 2 norm and · ∞ is the sup norm for functions on S 1 .
So, from Lemma 8, we have
Then it follows from the Sobolev inequality that sup(| DT ∂s |) decreases to zero. We deal with the higher derivatives in the same fashion. Integration and the Holder inequality yield:
We start, knowing that And then it easily follows from the inequality
and the Sobolev inequality that sup(| D n−1 T ∂s n−1 |) → 0. We leave the details as an exercise. Or one can refer to [10] .
By now, we have proved 
Theorem 11. M is a compact locally symmetric space satisfying Condition (Λ). If the curve shortening flow exists for infinite time, and

Curve shortening in space forms
In this section, we shall assume that M is a 3-dimensional Riemannian manifold with constant sectional curvature K. In this case, the curvature operator R has the following simple expression, i.e.,
for all X i ∈ T M. In particular,
R(T, N )T = KN
and R(T, N )N = −KT. For n = 3, we have the well-known Frenet matrix for a curve γ, with the arc-length parameter s,
With these relations, we can make Lemma 5 more precise.
Lemma 12.
Proof. Note
Then, by Lemma 5, we get
Now, we can compute the evolution of curvature k.
We also need to know the rate at which the unit normal vector to the curve rotates. This can be got directly from the proof of Lemma 12.
Corollary 14.
With this equation, and noticing that
we get the following relation from the proof of Lemma 12:
Multiplying both sides , we obtain what we want. Now, we can compute the evolution of torsion τ .
Lemma 15
.
Proof. We have
The left hand side of (4) equals
The coefficient of B is
The right hand side of (4) equals
Note that < ∇ t B, B >= 0. So the coefficient of B is
Hence we get
If both k and τ only depend on time, then their evolutions become
In the following, we study the system in space forms. Since the flat case R 3 was treated by S.J.Altschuler and M.A.Grayson [2] , we consider two remaining cases.
Case (1):
In this case, K = −1. The system (5) becomes (6) as follows.
For the sake of simplicity, we introduce the following notations. Let
Then the system (6) is equivalent to
Without loss of generality, we may assume the initial condition
From ( * * ), we know that v is non-decreasing. So v(t) > 0 for all t ≥ 0. Then we can divide ( * ) by ( * * ) to get
Integrating from time 0 to t, we have
Still, without loss of generality, we may assume another initial condition (9) into ( * * ), we have
whereτ 0 =:τ (0). Solving (10), we obtaiñ
where
Notice that both b and c are positive. Let t → +∞, then the right hand side of (⋄) tends to 0. So it must bẽ
Together with (9), we see that
In this case, K = 1. Using the same method as in (1), we know that, as
and u → 0 + .
Remark 16. In both cases, the limiting curves, if they exist, are geodesics.
Moreover, the non-zero torsion reflects the fact that the frames are twisting along the geodesics.
ramps in the flow
In this section, we deal with product Riemannian manifolds (M × S 1 , g + dσ 2 ). As before, define
is an evolving immersed curve along the curve shortening flow. Let
be projection. It naturally induces a linear mapping
Definition 17 (definition). We shall call γ t a ramp if there exists a unit tangent vector field U to S 1 such that
From this definition, it is easy to deduce the following
Proposition 18. An immersed curve is a ramp iff the T S 1 -component of its tangent vector is non-zero everywhere.
Remark 19. Ramp is not a new concept. In fact, many authors have studied it before (see [3] , [5] , [15] ). As we will see, ramps have very good properties.
Claim: For a curve shortening flow, if γ 0 is a ramp, then for all t > 0, γ t is a ramp, too.
Proof. By definition, there exists a unit tangent vector field
Here ′ denotes differential with respect to s. If we define
then µ 0 > 0. (11) tells us that µ t is non-decreasing. So we obtain the Claim.
Proposition 20. Assume the sectional curvature of M × S 1 has an upper bound Ξ > 0, and γ 0 is a ramp.
(1) Let κ t =: min
for all t ≥ 0, where C 1 is negative and only depends on γ 0 .
(2) Let λ t =: max
for all t ≥ 0, where C 2 is positive and only depends on γ 0 .
Proof. Since γ 0 is a ramp, our Claim guarantees that γ t is always a ramp. So we may divide k by u. The time derivative of
Notice the third term of the right hand side of (12) is non-positive, and the sectional curvature R(T, N, T, N ) is bounded from above by Ξ.
(1) If we define
then, by the assumption, Φ t < 0 for all t ≥ 0. Formula (12) tells us that Φ t satisfies ∂ ∂t
Note Φ 0 < 0 and u ≤ 1. Then we can obtain (1) easily.
(2) If we define
then, by the assumption, Ψ t > 0 for all t ≥ 0. Formula (12) tells us that Ψ t satisfies
Note Ψ 0 > 0 and u ≤ 1. Then we can obtain (2) easily. By now, Proposition 18 is proved.
The following theorem is a direct consequence of Theorem 10 and Proposition 18. Proof. For γ 0 is a ramp, Proposition 18 guarantees that the curve shortening flow will not blow-up in finite time. This means that the flow will exists for infinite time. Moreover, from the proof of Claim, we know that µ t is nondecreasing. This will guarantee that lim t→∞ L(γ t ) > 0.
Then Theorem 10 tells us that the limiting curve exists and is a geodesic. 
shortening curves in evolving metric
In this section, we want to study how to evolve the metric to make a specific curve shortening flow exists as long as the metric is non-singular. One motivation for this problem is G.Perelman's work ( [15] ) where he considers the curve shortening flow during the Ricci flow.
First, we consider a simple case. Let M be an oriented differentiable manifold. Let g 0 is a metric on M at t = 0. For an initial curve γ 0 , we shall evolve it according to the curve shortening flow. Meanwhile, we shall change the metric as time goes on according to the conformal flow. More precisely, let g t = exp(f )g 0 be the time-dependent metric on M at time t ≥ 0, where
The following Theorem 21 tells us that if we evolve f properly, the flow will never blow-up if the metric keeps non-singular.
Theorem 23. Define
If f satisfies ∂f ∂t
then the curve shortening flow will exist as long as g t keeps non-singular.
Proof. The different from before is that the metric on M depends on time.
So we need to consider its time derivative. For convenience, we will use < ·, · > t representing g t . Let
Then the time derivative of v t is
The second term comes from the change of metric (compare this equation with Lemma 3). Next we want to show that covariant differentiation with respect to s and t are related by the equation:
In fact,
Last, the covariant differentiation of T with respect to time t is
Now, with these preparations, we can compute the evolution of k 2 . The desired result is
Note that the second term on right hand side is non-positive. So if f satisfy the evolution equation
then M t is non-increasing. Therefore, it is bounded by M 0 for all t > 0. This implies that, at time t, the curve can go on flowing if g t is non-singular. Finally, we will investigate a little more complecated case. (M × S 1 , g + exp(f )dσ 2 ) is a warped Riemannian manifold (for a warped Riemannian manifold, see, for example, [14] ). In this case, we will fix g, and only change f as time goes on. We want to decide how to change f to make a specific curve shortening flow exist as long as the metric keeps non-singular.
As before, let π S 1 : M × S 1 → S 1 be projection, with induced mapping
Still, for convenience, we will use < ·, · > t and < ·, · > S 1 t representing metrics on M × S 1 and S 1 respectively. Let .
